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ABSTRACT 



The so-called conformal affine Toda theory coupled to the matter fields (CATM), associated 
to the sl(2) affine Lie algebra, is studied. The conformal symmetry is fixed by setting a 
connection to zero, then one defines an off-critical model, the affine Toda model coupled to 
the matter (ATM). The quantum version of this reduction process is discussed by means of 
the perturbative Lagrangian viewpoint, showing that the ATM theory is a spontaneously 
broken and reduced version of the CATM model. We show, using bosonization techniques 
that the off-critical theory decouples into a sine-Gordon model and a free scalar. Using the 
"dressing" transformation method we construct the explicit forms of the one and two-soliton 
classical solutions, and show that a physical bound soliton-antisoliton pair (breather) does 
not exist. Moreover, we verify that these solutions share some features of the sine-Gordon 
(massive Thirring) solitons, and satisfy the classical equivalence of topological and Noether 
currents in the ATM model. Imposing the Noether and topological currents equivalence as 
a constraint, one can show that the ATM model leads to a bag model like mechanism for 
the confinement of the U(l) "color" charge inside the sine-Gordon solitons (baryons). 
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1 Introduction 



Two-dimensional field theories have been widely explored in the last years and various phe- 
nomena such as dynamical mass generation, asymptotic freedom, and quark confinement, 
relevant in more realistic models, have been tested. It is well known the relevance of local- 
ized classical solutions of non-linear relativistic field equations to the corresponding quantum 
theories In particular, solitons can be associated with quantum extended-particle states. 
This picture will be valid for the 'gauge' field (p, of our model. The relevance of the solitons 
to non-perturbative phenomena comes, in general, from the fact that their interactions are 
inversely proportional to the coupling constants governing the dynamics of the fundamen- 
tal fields appearing in the Lagrangian. Therefore, the solitons are weakly coupled in the 
strong regime of the theory, and that is the basic fact underlying several duality ideas. The 
reason is that one can describe the theory in the strong coupling regime, by replacing the 
fundamental Lagrangian by another one where the excitations of its fields correspond to the 
solitonic states. 

We will be interested in the conformal affine Toda system coupled to the matter fields 
(CATM) 0. In || the authors have studied the classical solitonic solutions, and one of the 
remarkable features of the model, the equivalence of the Noether and topological currents, 
and its consequences for the confinement mechanism were outlined. The first thing to be 
established is if such equivalence is not spoiled by quantum anomalies the currents may 
present. Fortunately, that issue can be established exactly by using, instead of perturbative 
approaches, bosonization techniques following the lines of Q. By bosonizing the spinor field, 
it is shown that the reduced theory made of the spinor and "gauge" particles, the so-called 
affine Toda model coupled to the matter (ATM), is equivalent to a theory of a free massless 
scalar and a sine-Gordon field. In addition, the condition for the equivalence of the Noether 
and topological currents is simply the condition that the free massless scalar modes must be 
forbidden in the physical spectrum. Therefore, by performing a quantum reduction where the 
excitations of the free scalar are eliminated, we obtain a submodel where the equivalence of 
those currents holds true exactly at the quantum level, proving that there are no anomalies. 
Consequently, we show that in such reduced theory the confinement of the spinor particles 
does take place. An important property of the model is that it possesses another type of 
spinor particle. That is obtained by fermionizing the sine-Gordon field using the well known 
equivalence between the sine-Gordon and massive Thirring models ||. In that scenario the 
solitons of the sine-Gordon model are interpreted as the spinor particles of the Thirring 
theory. We are then lead to an interesting analogy with what one expects to happen in 
QCD. The original spinor particles of our model that get confined inside the solitons play 
the role of the quarks, and the second spinor particle (Thirring), which are the solitons, play 
the role of the hadrons. The £7(1) Noether charge is also confined and is analogous to color in 
QCD (however, see a companion paper ||). In this sense, our model constitute an excellent 
laboratory to test ideas about confinement, the role of solitons in quantum field theory, and 
dualities interchanging the role of solitons and fundamental particles. 

The construction of the conformal affine Toda system coupled to the matter fields (CATM), 
in the particular case of the affine Lie algebra sl(2), using the parlance of the original ref- 
erence, will be summarised in the following subsection. In section |2| we will obtain, using 
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the dressing procedure formalism, the classical solitonic solutions of the model ||. In this 
paper we will provide the explicit forms of the two-soliton solutions and compare with the 
ones of the sine-Gordon theory. In section |3] we will consider some quantum aspects of the 
model. We use the perturbative Lagrangian point of view to have an insight into the quan- 
tum structure of the theory 0. Moreover, by bosonizing the spinor field, and subsequently 
performing a quantum reduction, we outline a confinement mechanism present in a special 
class of models || . 

1.1 The model 

We discuss the example associated with the principal gradation of the untwisted affine Kac- 
Moody algebra si (2). This belongs to a special class of models introduced in possessing 
a £7(1) Noether current depending only on the matter fields. It is then possible, under some 
circunstances, to choose one solution in each orbit of the conformal group, such that for these 
solutions, that £7(1) current is proportional to a topological current depending only on the 
(gauge) zero grade fields. The zero curvature condition in light-cone coordinates x± = t ± x 
takes the form (for si (2) affine Lie algebra theory, notations and conventions used here, see, 
for example, an appendix of Ref [§) 

d+A_ - d-A + + [A+ , A-] = 0. (1.1) 

The connections are of the form 

A + = -BF + B-\ A + = —d-BB^ + F~ , (1.2) 

where the mapping B is parametrized as 

B = be vC e^ Q * = e^e^e^, with b = (1.3) 

and so V = v — ~tp. Here Q s (s = (1, 1)) is the grading operator for the principal gradation 

The special class of models in which the £7(1) Noether current is proportional to a 
topological current, occur for those models where the first constant terms of the nonvanishing 
grade potentials F ± are equal to ±N S , (N s = Si + s 2 = 2) respectively. So, the potentials 
F ± are of the form 

F+ = E Ns + F+, F~ = E_ Ns +F{, (1.4) 

where 

F+ = 2Vml(^ R E° + + i, R E l _), Ff = 2Vml^ L E~ 1 - $ L E°_ ), (1.5) 

and E±n s = mH ±l (m =constant). 

Introducing the Dirac fields ip T = (ipn, ipL ) and substituting the explicit form of the 
connections b and F^ into ( |1.1| ), we get the following equations of motion 

d 2 (p = -Am^p^e^ 2 ^ 5 ^, 

d 2 v = -2m^(l - 75 )e r ' +2 ^^ - Unl e 2 \ 

d 2 r) = 0, i^d^ = m^ 2 ™^, = 4m. (1.6) 
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The corresponding Lagrangian has the form 



1 „ 1„ 1„ 1 

m^pe^^ip. (1.7) 



It is real (for r] =real constant) if ip is proportional to the complex conjugate of tp, and 
if if is pure imaginary. This will be true for the particular solutions of (|1.6|) such as: the 
1-soliton (1-antisoliton), soliton-soliton (antisoliton-antisoliton). 

The equations ( |1.6|) are invariant under the conformal transformation 

x + — > f(x + ), x- — ► f(x-), (1.8) 

with / and g being analytic functions; and with the fields transforming conveniently. 
Therefore we can construct two chiral currents 

J{x + ) = md + ip + md + 7] — 2im'tpRtpR and J[xJ) = md-(p + md-7] + 2irmpLipL, (1-9) 
satisfying 

d_J=0, d + J = 0. (1.10) 

Defining the current 

J+ = -2im^ R ip R , J_ = -2im%p L ip L , (1.11) 
we may check that it is conserved 

«9 M > = 0. (1.12) 
It is the £7(1) Noether current. In addition, this model possesses the current 

j + = -md + ip, j_ = md_ip, (1.13) 
which is a topological current, i.e., it is conserved independently of the equations of motion 

d~f = 0. (1.14) 
Under the conformal transformations the chiral currents transform as 
J(x + ) — > (In/ (x + ))- 1 (J(x + ) -mQnf (x+))'), 

J(xJ) — ► (In g' (x^))-\j(x_) - m(ln g (ar_))'). (1.15) 

One concludes that, given a solution of the model, one can always map it, under a 
conformal transformation, into a solution where 

J(x+) = J{xJ) = 0. (1.16) 
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Such a procedure amounts to a gauge fixing of the conformal symmetry. We are choosing 
one solution in each orbit of the conformal group. The degree of fredom eliminated corres- 
ponds to the field n. So, in the model defined by (|1.7|) one observes that the Noether current 

and the topological current are equal J M = j^, as a result of the field equations. 

From now on, unless otherwise stated, we consider the Lagrangian ( |1.7|) with its conformal 
symmetry gauge fixed by choosing 77 = rjo =const. Then we define the off-critical model 



Catm = \d^ V + - m^tfje 2 ^^ - \m%e^\ (1.17) 



which we call affine Toda model coupled to the matter (ATM). 

Now, let us study the symmetries of this Lagrangian. The conservation law (|1.12|) co- 
rresponds to the global U(l) symmetry 

ip — > e l6 V, <f — ► (f, v — > p, with the Noether current J M = ip^ip. (1-18) 

The fields ip and ip have charges 1 and —1, respectively; and f has charge zero. 
The global chiral U(l) symmetry 

ip — ► e ll5a ip, f — > f — «a, ? — > z/, (1-19) 
also leaves the action invariant. The relevant conservation law reads 

WVtbV' + ^V] = 0. (1.20) 

Let us next see the relationship between the Noether and topological currents. The 
topological current and charge are 



f = ^f VQ ^^ Qtopoi = J dxf. (1.21) 

Indeed, the Lagrangian (|1.7Q has infinitely many degenerate vacua due to the invariance 
under if — > ip + inn. 

Combining the chiral current and the vector conservation laws, and applying the argu- 
ments presented above we can set J = J = 0. This gives, altogether, 

1 = (L22) 

so that the topological and Noether currents are proportional. 

The equation ( |1.22|) means that the Noether density is non zero only where df 7^ 0, that 
is inside the solitons. Thus the ip field is confined inside the solitons. It will hold at the 
quantum level after a suitable redefinition, we shall come back to this point below. 



2 Dressing procedure and classical solitons 

At this point the field ip seems to be a c-number field. It is well known, that in two dimensions 
the statistics of the fields depends upon the coupling constant; so, we will postpone the study 
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of their statistics to section [| Field equations with the replacement of the Fermi fields 
by a c-number Dirac wave function have often been introduced, ab initio, in semiclassical 
calculations in the literature, particularly in constructing models for hadrons 

Therefore, we will examine the classical soliton type solutions to get insight into the 
quantum expectrum of the model in much the same way as in the remarkable sine-Gordon 
model. We shall argue that, at the classical level, the solutions for the <p and ijj fields share 
some features of the sine-Gordon and the massive Thirring theories, respectively. 

The dressing transformation procedure provides a powerful way of solving a wide class 
of nonlinear equations presenting soliton solutions flOfl . For example, an application of the 



method to the vector NLS hierarchies can be found in | H| . We use this method to obtain 
the 1-soliton and 2-soliton solutions of the model. We want to study the behavior of the 
solitonic solutions taking care of the reality conditions of the fields (ipR = ip* R , ip L — ?Pl an d 
tp = pure imaginary and rj = constant) which make the Lagrangian real. 

Let us define e± = mH ± and let | A > and | Ai > be the highest weight states 
of two fundamental representations of the affine Kac-Moody algebra s/(2), respectively the 
scalar and spinor ones. Then the solutions on the orbit of the vaccum are the same as in the 
equations (10.31) of [0] 

/mr i ~ fmr 12 

1pR=\- , IPR 



*L—jH h=-jH (2.1) 

V I Ti V l T 

e^ = -, e-^=To, 

70 

where the so-called tau functions are given by 

r o,i — < -Vi I G | A 0) i >, (2-2) 
mi =< Ao I E\G | Ao > , r 02 =< A | | A >, (2.3) 

r 12 =< Ai | E° + G | Ai > , r u =< Ai | GE°_ \ A\ >, (2.4) 

with G=e x+£+ e~ x ~ £ ~ p e x - £ - e ~ x + £ +^ p being a constant group element of the SL(2) Kac- 
Moody group. 

2.1 The 1-soliton solutions 

The soliton solutions of the system are constructed as follows. Let us choose 

p — e Via + V+(z) e ^/ia^V_{-z) ^ (2.5) 

with [e±,V±]=m±V±. The particular factor \/i is chosen such that the reality condition will 
be obeyed with a + = a*_ . 

Computing the matrix elements one gets the explicit form of the solutions generated by 

P 

if = 2 arctan (exp (2,771^ (x — Xq — vt) / vT~— v 2 )) , 
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( I \ 

l+Vj 1+ . e 2 m ^(x-x -vt)/Vl-v 2 



- log (l + exp (im^ (x — x — vt) / vT~— t> 2 ) ) 



1 .2 



2 

77 = 0, (2.6) 

and ip is the complex conjugate of ip. The ^ field solution is similar to the 1-soliton solution 
of the massive Thirring model |12]. Notice that the if solution is of the sine-Gordon type 
soliton / antisoliton [|[] . 

It can be directly verified that these solutions satisfy the relation ( |1.22[ ). It is clear from 



the explicit expressions for the fermion field and the scalar, that ip vanishes exponentially 
when x — xq — > ±oo, so that the Dirac field is confined inside the soliton. 

2.2 The 2-soliton solutions 

Now let us move to the study of the 2-soliton solutions of the model. As usual in this case 
consider the following steps: 
Let us choose 

G = e x+£ +e- x - £ - p e x - £ -e- x - £+ , (2.7) 
and as the constant group element 

p — e blV+(pi) e aiV-(vi) e b 2 V+(p2) e a 2 V-(v 2 ) ^ 8) 

Defining Aj = aie~ r ^ Ui \ Bi = b i e T<KPi ' > and T(z) = 2m(zx + — jX-), and using the properties 
of level 1 vertex operators to determine the matrix elements in the tau functions ||, |ll|] , one 
can obtain the soliton-soliton and the soliton-antisoliton solutions. 

By direct substitution, one can verify that these solutions, indeed, satisfy the equation 
( |1.22| ) without any further restriction. This allows us to conclude that, also, for 2-soliton 
type solutions the Noether density is non zero only where dip 7^ 0, that is inside the solitons. 

Let us choose the parameters conveniently in order to express in the form of a soliton- 
soliton type solution. 

Choosing the following relationships between the parameters z/ 1+ z/ 2 + z/-f 1 + v^ x = 0, 
UiU 2 = —1, and defining u = [y\ — V)j[y\ + 1), one can write 



/ o / 7T sinh (8777.7a; — log a) 

ipss/^ 1 = arctan 8m v 1 — u z , 

\ cosh(8?T7/yiit) — 2tjv1 — u 2 



(2.9) 



where 7 = 1/ \/l — u 2 , u < 1 . 
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Its asymptotic behaviour in time can be written as 

^(t _> _oo) tan-^e 8 "^^"^^") - taiT V^ ^*"^). (2.10) 

^(t -> +00) tan" V™ 70 ^' - ^) - tan- 1 ^" 8 ™ 7 ^^^), (2.11) 

1 



5ss = ~ A log(8M 2 vl 



u 



2\ 



4mwy 

Therefore, this solution correponds to two solitons approaching one another with relative 
velocity u in the distant past. Notice that the time delay 633, of course, differs from the 
corresponding soliton-soliton interaction in the sine-Gordon model H|. We will come back 
to this point below, when we compare our soliton solutions with the corresponding solitons 
of the sine-Gordon theory. 

In order to obtain soliton-antisoliton type solution we convert the real parameters into 
an imaginary ones by making V\ — > ib>i, u 2 — ► — iv-i , m — ► im. 

Setting the relationships —v\ + v?, — Vy 1 + v 2 x = 0, v\i>2 = 1, we may obtain 

/ 16 sinh(8m7nt + loga) \ 

<p ss /Zi - arctan ^ ^ cosh(8m7x _ log ( 4 / 7U 2)) _ 2 / 7M 2 ) ' ^ Al > 

with 7 = 1/ \Ju 2 — 1, it > 1 . 

Even though the parameter complexifications do not modify the purely imaginary char- 
acter of (p, the reality condition ip — ip* of the ip field is lost, converting the Lagrangian 
into a complex one. Moreover, with this choice of parameters the velocity u becomes greater 
than the velocity of light, and the mass of the soliton becomes imaginary. Nevertheless, from 
the mathematical point of view, still we can write the asymptotic behaviour, extracting a 
'soliton' and an 'antisoliton' approaching one another with relative velocity u in the distant 
past and 'time' delay 5 = log(it/4). 

Therefore, we have not obtained a physical bound soliton-antisoliton pair (breather) 
solution of the model. This fact is quite remarkable if one intends to study the quantum 
spectrum of the model. A discussion of this point is presented in a companion work ||. 

In order to have a better insight into the behaviour of the two-solitons of our model, let 
us consider some known facts about the sine-Gordon field solitons. The <ft field is related to 
its corresponding tau functions as — i<ft = ln(— ). The tau functions of the N-soliton solutions 
of the sine-Gordon equation are given by [|T^] 

Ti N \z + ,z_) = det(l ± V), (2.13) 
with V a N x N matrix with elements 



y = 2 JXiXj, where X { = ai e 2 ^ iZ++ ^ z -\ z± = 2mx±. (2.14) 

l< i ■ I';, v 

For the 2-soliton solution the determinant takes a simple form. With a convenient choice 
of the parameters, one can write for the soliton-soliton and soliton-antisoliton 



/2 t _1 ( s ^ nn (^ m ^- r ) \ <p 12 t ~ x ( ^ s ^ n ' 1 (^ m T / ' u ^) \ 
\ cosh(8m7wt) J ' ss \u cosh(8m7x) J 



(2.15) 
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with 7 = 1/ Vl — u 2 , u < 1 . 

If one makes the change u — > iv in <p s -g one gets 

\f cosh(lom7Xj y 

which still gives a solution of the sine-Gordon equation. It is the doublet or breather solu- 
tions, which represents a soliton and antisoliton oscillating about a common center. 

Then we can conclude that our solution (|2.9|) resembles the sine-Gordon soliton-soliton, at 
least asymptotically; the differences manifest in their time delays, which can be interpreted 
as the effect of the spinor field ip on the Toda field ip, since our model couples those fields. 
Also, as in the sine-Gordon case, the equation ( 2.12 ) can be put asymptotically in the form 



of the mathematical 'soliton' and 'antisoliton', even though, each of them with imaginary 
mass. Notice that in the soliton-soliton sector the time delay 5$s can eventually become 
negative, unlike the corresponding 5 of the sine-Gordon model, which is always positive, 
indicating in the latter repulsive force M. 

To conclude this section, let us point out that the model possesses at the classical level 
some solitonic solutions which resemble the sine-Gordon and the massive Thirring models, for 
the scalar and the Dirac fields, respectively. We have verified, up to the 2-soliton solution, the 
equivalence between the Noether and topological currents. The classical breather solution 
was not found, and it is expected that it will not appear at the quantum level. 



3 Quantum aspects of the model 

The aim of the present section is to study some quantum aspects of the model defined by 



the Lagrangian (|1.7|) . 



3.1 Perturbative Lagrangian viewpoint and the CATM — > ATM 
reduction 

In this subsection we will be interested in verifying how the classical reduction of the CATM 
to the ATM |I4| by setting rj = rjo =constant is recovered at the quantum level. This will 



give us some information about the vacuum of the theory, in particular about the trivial 
vacuum (non-topological) of the ATM model. We use the perturbative Lagrangian point of 
view to have an insight into the quantum structure of the theory. Let us begin expanding 
the action around a simple solution of the classical equations of motion (|1.6|) 

(p = r] = ip= , ip=0, v = — -m^x + x_. (3.1) 

Denote collectively all the fields as 

$ = $o + (3.2) 
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where $ represent the relevant classical solutions fl3.1|). Let us expand every field around 
Then relabelling the $' with the same symbol as the original ones, the action corre- 
sponding to ( |1.7| ) turns into 

S = J d 2 x {-^n^ - ^ n V - ~ -^ m l + iipl^ip - m^ipip - 2im^ijj^ipLp - 

m^rjipip^r ...}, (3.3) 

where the ellipsis denotes quartic or higher interaction terms in which the v field never 
appears, and □ = d 2 — d 2 . Next let us perform a Wick rotation and compute the Fourier 
transformed propagators. They become 

1 1 . . 

= TT2 > <W>=^nz> (3-4) 

jk 4 p 2 + 



where k 2 = k% + k\. All the other propagators vanish. Let us observe that the pole at 
p 2 = —m^ in the spinor field propagator, corresponds to a massive particle of the ATM 
model. Let us inspect now a scattering process whose external legs consist only of the (ip) 
and tp particles. From the structure of the propagators, and of the interaction terms it is 
easy to see that no connected graph relevant for this process will have propagation of other 
modes than ip (ip) and (p themselves. That is to say, the other modes decouple. This fact 
allows us to set the fields v and 77 to zero in the action. Therefore, the action becomes exactly 
the action of the ATM model. In other words, for scattering processes involving massless (p 
modes and massive ip modes, the theory may be described by the perturbative ATM model. 

Then we have derived an effective Lagrangian with v = 0, r] = rj =const., this is exactly 
the off-critical afline Toda model coupled to the matter (ATM) defined above, Eq. (|1.17| ). 
Then we can regard the ATM model as a spontaneously broken and reduced version of the 
CATM. 

The symplectic structure of the reduced model (|1 . 1 7|) has recently been studied [|14 



It was performed in the context of Faddeev-Jackiw and (constrained) symplectic methods 
(Wotzasek, Montani and Barcelos-Neto); by imposing the equivalence between the Noether 
and topological currents, Eq. (|1.22| ), as a constraint, the authors have been able to ob- 
tain either, the sine-Gordon model or the massive Thirring model, through a Hamiltonian 
reduction and gauge fixing the symmetries of the model in two different ways. 



3.2 Bosonization procedure and the ATM model 

In two-dimensional quantum field theories it is possible to transform Fermi fields into Bose 
fields, and vice versa (for a complete review of the most important references in the field see, 
e.g., the second Ref. of 0). The existence of such a transformation, called bosonization, 
provided a powerful tool to obtain nonperturbative information in two-dimensional field 
theories. 
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Let us consider the ATM Lagrangian ( |1.17| ) in a slightly modified form. This modification 
is undertaken by imposing a convenient reality conditions (e.g. ip = —ip*, ip pure imaginary) 



on the fields and dropping a overall minus sign. See Refs. II | for discussions concerning 
the positive-definite caracter of the kinetic terms of the real Lagrangian submodel, and || 
for the implications of these conditions on the solitonic solutions of the original model. Then 
let us write the real action in a form which is more convenient for the bosonization of the 
fermion bilinears 

l „ r -o , l 



-S = J d 2 x{-d^d^ + i^rfd^ - 



m ^^-^-ipe 2 ^ + ^L_2^ e -**] - imje 2 " }, (3-6) 

where we have considered the pure imaginary character of the scalar field by making the 
change <p —>■ i<p in ( |1.17 ). 

The model ( |3~6| ) was considered in Refs. || [|. Some of the points that folllow were 
discussed in those papers. The model defined by ( |3.6|) possesses a chiral symmetry ip — > 
e^ 75 ^, ip — > tp — (3. Apparently, if unbroken, the symmetry would prevent the fermions from 
having a mass. As we will see, however, the symmetry is not broken, but the fermion has a 
mass. 

Following H one can use the boson representation of fermions as 

ifrfW = \{d,c)\ (3.7) 

ip(l ± 75)^ = /^exp(±2V^7rc), (3.8) 
^ip = — l -=t^d u c. (3.9) 

Then the action now becomes 



S B = J d 2 x{U^d^+\(d»<Pf 



--fmi^[expi[^8/k <p + V47T0] + exp -ityS/k <p + V4tt0]]}. (3.10) 



ip/a + y/4iT(f) „ _ -<f>/a+ (pV4:n 

a = — ■, (3.11) 



Introducing new fields 



I An + I /a? + 1/a 2 

the action takes the form 

S sG +a = J ^xi-id^c) 2 + ^(«Vr) 2 +/xm^cos(V^+ V« 2 c), (3.12) 

where a 2 = k/8. 

Therefore we obtain a sine-Gordon model for the field c and a free, massless scalar a 
field. 
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Why do the fermion and antifermion acquire masses despite chiral symmetry? To answer 
this issue, we should ask what form the original chiral current takes in terms of c and a. 
The chiral current defined in section 1 is 

i 

A" = iihf(tfl> + ( 3 - 13 ) 
In terms of the new variables, one finds 

A, = l -d,a. (3.14) 

Thus the chiral current involves only a and not c. It is conserved at the quantum level. 
This means that the field c, and therefore also the physical fermion and antifermion associated 
with this field, are neutral under chirality. Thus, even though the elementary fermion field 
t/> has nonzero chirality, the physical fermion particle has zero chirality. 

The presence of the physical fermions (zero chirality particles) can be clarified introducing 
a new fermion field that has the quantum numbers of the physical particles. We simply 
introduce a new fermion field ip with 

1 e!"d v c = ljrf$. (3.15) 



2ixa 



According to the standard rules which identify the sine-Gordon theory to the charge- zero 
sector of the massive Thirring model |5|, [15| , the action (|3.12| ) can now be written as 



1 - ..^2 , l, nsrt3l 



S = I d 2 x[iiPYd^ - m F W - -giilrfW + 2 \. (3.16) 



where 

4tt + 1/a 2 



47r 1 + g/n 



(3.17) 



Then, we observe that our theory consists of a massive fermion with self-interaction, and 
a free, massless scalar. 



We now discuss the quantum version of the reduction ( 1.16|) . The chiral currents become 



J = i/2d + a, J = i/2d-a. (3.18) 

Therefore, one can argue that semiclassically, the constraints (|1.16|) are equivalent to 
a = const., and consequently the degree of freedom eliminated by them corresponds to the 
a field. 

The reduction at the quantum level can be realized as follows. Since the scalar field a 
is decoupled from all others fields in the theory ( |3.12j ), we can denote the space of states as 
H = H~ <S> T~to, where TL~ is the Fock space of the free massless scalar a, and Ho carries the 
states of the rest of the theory. We shall denote a = +a^~\ where cr^ (cf*- - -*) corresponds 
to the part containing annihilation (creation) operators in its expansion on plane waves. 
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The reduction corresponds to the restriction of the theory to those states satisfying 

d ± a {+) | = 0. (3.19) 

By taking the complex conjugate one gets 

(* | d ± a {_) = 0, (3.20) 

and consequently the expectation value of d±a vanishes on such states. Indeed, if | ty) and 
| \&') are two states satisfying ( |3.19| ), then 



| d±a | ) = | [<9 ± S^ + d±£ (+) ] | *) = 0. (3.21) 



That provides the correspondence with the classical constraints ( |1.16 ). Therefore, the 
Hilbert space of the reduced theory is H c =| ® Tfo- 

For the theory described by TC C , the equivalence between Noether and topological cur- 
rents, given by ( |1.22|) , holds true at the quantum level, since as we have shown before, 
( |1.22j ) is equivalent to the vanishing of the currents J and J . Notice that such quantum 
equivalence is exact, since we have not used perturbative or semiclassical methods. 

One of the consequences of that quantum equivalence is that in the states of 7i c , like the 



one-soliton (|2.6| ), where the space derivative of ip is localized, one has that the spinor ip is 



confined, since from (|1.22|), (d x (p) ~ (ip^ip). Therefore, we have shown that the confinement 



of ip does take place in the quantum theory. 

The properties of the theory ( [3.6D at the quantum level are quite remarkable. In the weak 
coupling regime, i.e. small k, the excitations around the vacuum correspond to the spinor ip 



and the "gauge" particle tp. The U(l) symmetry (|1.19|) is not broken and the charged states 



correspond to the ip particles. Consider now those states satisfying ( |3.19| ) and look for the 



fluctuations around the state corresponding, for instance, to the one-soliton solution (|2.6|) . 
The ip particles disappear from the spectrum since they are confined inside the soliton. The 
ip particles can live outside the soliton only in bound states with vanishing U(l) charge. 
The theory, however, presents another spinor particle corresponding to the excitations of the 
Thirring field \i which have zero U(l) charge. However, according to Coleman's interpre- 
tation of the sine- Gordon/ Thirring equivalence, such excitations correspond to the solitons 
themselves. Therefore, we can make an analogy with what is expected to happen in QCD. 
The ip and x particles are like the quarks and hadrons respectively. The U(l) charge is anal- 
ogous to color in QCD, since it is also confined. For the rigorous treatment of the dynamical 
flavor and color symmetries of the ATM model, as well as their relevant realizations, and 
the role played in a topological confinement mechanism, see a companion paper |J. Then, 
our model can be considered as a one dimensional bag model for QCD || [Uj . 

It could be interesting to compute the quantum corrections to the mass of the solitons 



associated to the field of the ATM model, for example, in the lines of Refs. 17 ]. In our 



case, the quantum fluctuations of the spinor fields, of course, must be taken into account. 



A Appendix: Notations and Conventions 

We use the following conventions in two dimensions. The metric tensor is g^ v = diag(l, — 1) 
and the antisymmetric tensor is defined so that eoi = — e 01 = — 1. d± are derivatives 



13 



w.r.t. to the light cone variables x± = t ± x. The gamma matrices are in the following 
representation: 

7b = -i(j "o 1 )' 7 ^"^? J)' ^ = 7o7i=(j ^ (A.l) 

satisfying anticommutation relations 

{7^,7,} = 2^1, (A.2) 
so the spinors ip and t/> are of the form 
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